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Abstract

Melting and resolidification of a subcooled, two-component metal powder bed subjected to temporal Gaussian heat

flux is investigated analytically in this paper. The integral approximate solutions for preheating, melting with shrinkage,

and resolidification are obtained. An increase in heat source intensity or powder bed porosity will result in an increase

of the melt pool depth, melt pool temperature, and the overall processing time. The melt pool becomes shallower with

increasing subcooling because more heat flux is needed to melt the powder. A change in the liquid phase porosity will

increase the process time only slightly and have a negligible effect on the amount of melted material produced.

� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Selective laser sintering (SLS) is an emerging tech-

nology that can build structurally sound parts from

powdered material via layer-by-layer sintering (for

amorphous powder, such as polycarbonate) or melting

(for crystalline powder, such as metal) induced by a di-

rected laser beam. Fabrication of metal parts is a very

challenging task since the temperature required to bind

the metal powder particles is much higher than that

needed to bind the amorphous powder particles. SLS

is a very useful rapid manufacturing method because it

allows for the manufacture of complex parts often unob-

tainable by more common manufacturing processes

[1,2]. During the SLS process the surface of a powder
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bed is scanned with a laser heat source to melt the pow-

der and as the beam moves away the liquid resolidifies

into a solid. Another layer of powder is then pushed

over the newly solidified surface and the process is re-

peated, thus building a solid object layer by layer.

Recent advances in metallic SLS have improved the

technology, but it still remains limited in terms of mate-

rial versatility, quality, and precision [3]. The behaviors

of the powders used in SLS processes are quite different

depending on the material, the shape and size of powder

particles and so on, and it is necessary to use a trial and

error method to find suitable materials for an SLS pro-

cess [4]. It is for these reasons that a sound theoretical

SLS model must be developed so that the results of

SLS techniques and the quality of the parts can be pre-

dicted accurately.

There are other obstacles that must also be overcome

before SLS can be used for mass production of final,

high quality parts that exhibit good surface finish and
ed.
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Nomenclature

hsl latent heat of fusion [J kg�1]

k thermal conductivity [W m�1 �C�1]

K dimensionless thermal conductivity

q00 heat flux [W m�2]

s solid–liquid interface location [m]

s0 location of liquid surface [m]

S dimensionless solid–liquid interface location

S0 dimensionless location of liquid surface

Sc subcooling parameter

Ste Stefan number

t time [s]

tp half width of the laser beam pulse at 1/e [s]

T temperature [�C]
w velocity of liquid phase [m s�1]

W dimensionless velocity of the liquid phase

z coordinate [m]

Z dimensionless coordinate

Greek symbols

a thermal diffusivity [m2 s�1]
�a dimensionless thermal diffusivity

d thickness of thermal layer [m]

D dimensionless thickness of thermal layer

e volume fraction of gas(es) (porosity for

unsintered powder)

h dimensionless temperature

q density [kg m�3]

s dimensionless time

/ volume fraction of the low melting point

powder in the powder mixture

Subscripts

0 beginning (when preheating begins)

final final (when solidification ends)

g gas(es)

H high melting point metal

i initial

l liquid phase (mixture of low melting point

metal liquid and high melting point powder

solid)

L low melting point powder

m melting point (when melting begins)

p fully densified resolidified part

r resolidified part

s unsintered solid (mixture of two solid pow-

ders)

sol solidification (when solidification begins)

C. Konrad et al. / International Journal of Heat and Mass Transfer 48 (2005) 3932–3944 3933
desirable mechanical properties. One such obstacle is the

balling phenomenon [5], in which melted powder grains

stick to each other via surface tension forces, thereby

forming a series of spheres with diameters approximately

equal to the diameters of the laser beam. The balling

phenomenon is well documented, an extensive study of

which can be found in Tolochko et al. [5]. There are sev-

eral ways the balling phenomenon can be combated, one

of which is to use a powder bed consisting of two differ-

ent types of metal powder, one with a significantly higher

melting point than the other as suggested by Bunnell [6]

and Manzur et al. [7]. If such a mixture is used the higher

melting point powder will not melt, breaking up the sur-

face tension forces and forcing out the interstitial gasses

as desired. Another way to minimize the balling effect is

to use a pulsed laser to decrease the life span of the melt

pool and thus help avoid the balling effect [8].

Since melting and resolidification are the mechanisms

of this laser-based metal part manufacturing technique

their inclusion in any SLS model for metal powder is

essential. The fundamentals of melting and solidification

have been investigated extensively [9,10], however, laser-

induced melting of metal powder in SLS processes differs

from conventional melting because the subcooled pow-

der can consist of as much as 40–60% gas. During melt-

ing it is necessary for the liquid phase to collect and
drive the interstitial gasses out of the powder bed, effec-

tively ‘‘shrinking’’ the volume of the powder bed. It is

because of this shrinkage phenomenon that the powder

bed experiences a significant density change during the

melting process, resulting in motion of the surface of

the powder bed during the SLS process.

Zhang and Faghri [11] analytically solved a one-

dimensional melting problem in a semi-infinite two-com-

ponent metal powder bed subjected to constant heat flux.

The effects of the porosity of the loose powder and liquid,

initial subcooling parameter, and dimensionless thermal

conductivity of the interstitial gaswere investigated. Chen

andZhang [12] obtained the analytical solution ofmelting

in a two-component powder layer with finite thickness

subject to constant heat flux. The effects of the porosities,

Stefan number, and subcooling on the surface tempera-

ture and solid–liquid interface were investigated. In order

to discover the advantages of utilizing a pulsed laser in a

SLSprocess,melting and resolidification of a two-compo-

nent metal powder bed of infinite thickness exposed to

temporalGaussian heat fluxwill be investigated. The gov-

erning equations will be nondimensionalized and the

effect of a change in each of the independent parameters

will be investigated. This paper represents a fundamental

study of the SLSprocess uponwhichmore comprehensive

models may be based on in the future.
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2. Physical model

Melting and resolidification of a bed of powder parti-

cles subjected to temporal Gaussian heat flux from a laser

beam will be modeled in this paper. The diameter of the

metal powder particles is much smaller than the diameter

of the laser beam, which is in turn much smaller than the

final desired part. The physical model of melting and

resolidification is shown in Fig. 1. The initial temperature

of the powder bed of infinite thickness, which contains

two metal powders with significantly different melting

points, is well below the melting temperature of the low

melting point metal powder component. The origin of

time is chosen to be the time at which the heat flux is

at its maximum, thus the time-dependent heat flux is

q00ðtÞ ¼ q000e
�t2

t2p ð1Þ

The laser–powder bed interaction can be divided into

three stages: (1) preheating, (2) melting with shrinkage,

and (3) resolidification. During the preheating period

the powder bed must absorb a significant amount of heat

to bring the powder bed surface temperature up to the

melting temperature of the low melting point powder,

Tm. The duration of the preheating stage is defined as

the time it will take for the surface temperature to reach

to Tm. The melting stage begins after the surface temper-

ature of the powder bed has reached the melting temper-

ature of the lowmelting point powder. During this period

the powder melts rapidly and consolidates into a liquid

pool. This consolidation results from the fact that the li-

quid cannot maintain the relatively high initial porosity

of the solid powder bed and therefore the interstitial gases

are driven out of the liquid pool. This consolidation of the

powder bed results in a significant density change, and

thus liquid surface motion. The resulting liquid pool is

not fully dense, in other words some interstitial gas is still

trapped within the liquid phase, because the liquid life-

time is very short. It should be restated that themetal with

the higher melting point will not melt during the entire
Fig. 1. The phys
process. The surface heat flux will reach its maximum at

time t = 0, after which the heat flux will begin to decrease.

This will result in a cooling of themelt pool and eventually

resolidification into a solid layer.When the pool has com-

pletely resolidified, the process is over and the resolidified

part will begin to cool to the ambient temperature.

This paper presents analysis of a one-dimensional

model of the phase change undergone by the first

layer of the SLS process on a cold powder bed. The true

SLS process is, of course, a three-dimensional, multiple-

layer process in which layer after layer of powder is

added to the surface of the bed. A semi-infinite

powder bed is assumed in this model, as in Zhang and

Faghri [11], however, an analysis of a finite thickness

powder bed with constant heat flux may be found in

Chen and Zhang [12]. It is assumed that the liquid phase

is incompressible and the melting point of the low melt-

ing point powder is not affected by changes in pressure.

The radiation and convection from the liquid surface are

neglected so that the excess heat of the liquid must be

dissipated in the form of conduction into the powder

bed in order for the melt pool to resolidify.

2.1. Governing equations

2.1.1. Preheating stage

During preheating the heat transfer in the powder

bed can be described as a pure conduction problem.

The heat conduction equation in the powder bed is

oT s
ot

¼ as
o2T s
oz2

; z > 0; �1 < t < tm ð2Þ

subject to the boundary conditions

T s ! T i; z ! 1; t > �1 ð3Þ

T s ¼ T i; z P 0; t ! �1 ð4Þ

The heat flux at the surface is governed by

�ks
oT s
oz

¼ q00ðtÞ; z ¼ 0; �1 < t < tm ð5Þ
ical model.
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where ks is the effective conductivity of the unsintered

powder bed and is related to the conductivities of the

metal powder particles and the interstitial gas, kp and

kg, as well as porosity, es [13].

2.1.2. Melting with shrinkage stage

After melting has begun, t P tm, the governing equa-

tion in the liquid phase is

al
o2T l
oz2

¼ oT l
ot

þ w
oT l
oz

; s0 < z < sðtÞ; tm < t < tsol ð6Þ

where tsol is the time at which melting ends and solidifi-

cation begins, and w is the velocity in the liquid induced

by the shrinkage of the powder bed, which plays an

important role on heat transfer in the liquid region as

demonstrated by an order of magnitude analysis in

Ref. [11]. Eq. (6) is subject to the following boundary

condition

�kl
oT l
oz

¼ q00ðtÞ; z ¼ s0; tm < t < tsol ð7Þ

The conductivity of the liquid melt pool, kl, is obtained

by

kl ¼ ð1� elÞkp ð8Þ

Since the liquid is incompressible, the shrinkage

velocity can be expressed by

w ¼ ds0
dt

; s0 < z < sðtÞ; tm < t < tsol ð9Þ

The governing equation for the solid phase (loose

powder) after melting begins is

oT s
ot

¼ as
o2T s
oz2

; sðtÞ < z; tm < t < tsol ð10Þ

At the solid–liquid interface the temperature is

T lðz; tÞ ¼ T sðz; tÞ ¼ Tm; z ¼ sðtÞ; tm < t < tsol ð11Þ

and the energy balance at the interface can be expressed

as

ks
oT s
oz

� kl
oT l
oz

¼ ð1� esÞ/qLhsl
ds
dt

;

z ¼ sðtÞ; tm < t < tsol ð12Þ

Based on the conservation of mass at the solid–liquid

interface the shrinkage velocity, w, and the solid–liquid

interface velocity, ds/dt, have the following relationship

[11]

w ¼ es � el
1� el

ds
dt

ð13Þ
2.1.3. Resolidification stage

As the heat flux at the surface of the powder bed de-

creases, heating of the powder bed will decrease and

melting will begin to slow down and eventually stop.
The point in time at which melting of the powder bed

stops is also the point at which solidification begins, tsol.

At the time tsol the shrinkage reaches its maximum value

and thus the location of the surface of the powder bed is

unchanged during the solidification time period meaning

that s0 = const. and w = 0.

Taking these two factors into consideration the gov-

erning equations after solidification begins are

oT l
ot

¼ al
o2T l
oz2

; s0 > z > sðtÞ; t > tsol ð14Þ

�kl
oT l
oz

¼ q00ðtÞ; z ¼ s0; t > tsol ð15Þ

oT s
ot

¼ as
o2T s
oz2

; z > sðt ¼ tsolÞ; t > tsol ð16Þ

oT r
ot

¼ ar
o2T r
oz2

; sðtÞ < z < sðt ¼ tsolÞ; t > tsol ð17Þ

T lðz; tÞ ¼ T rðz; tÞ ¼ Tm; z ¼ sðtÞ; t > tsol ð18Þ

kr
oT r
oz

� kl
oT l
oz

¼ ð1� elÞ/qLhsl
ds
dt

; z ¼ sðtÞ; t > tsol

ð19Þ

T rðz; tÞ ¼ T sðz; tÞ; z ¼ sðt ¼ tsolÞ; t > tsol ð20Þ

kr
oT r
oz

¼ ks
oT s
oz

; z ¼ sðt ¼ tsolÞ; t > tsol ð21Þ

oT r
ot

¼ oT s
ot

; z ¼ sðt ¼ tsolÞ; t > tsol ð22Þ

where the subscript r denotes the resolidified part, which

is simply the solidified liquid phase. It is assumed that

the properties of the resolidified region are the same as

that of the liquid region (e.g., kr = kl).

2.2. Nondimensional governing equations

By defining the following dimensionless variables

s ¼ t
tp
; ssol ¼

tsol
tp

; sm ¼ tm
tp
; Z ¼ zffiffiffiffiffiffiffiffi

aptp
p ;

S ¼ sffiffiffiffiffiffiffiffi
aptp

p ; S0 ¼
s0ffiffiffiffiffiffiffiffi
aptp

p ; W ¼ tpwffiffiffiffiffiffiffiffi
aptp

p ;

Kg ¼
kg
kp

; Ks ¼
ks

kpð1� esÞ
; �as ¼

as
ap

;

Ste ¼ q000

ffiffiffiffiffiffiffiffi
aptp

p

ap/hslqL
; h ¼

ðqcpÞp
/hslqL

ðT � TmÞ;

Sc ¼
ðqcpÞp
/hslqL

ðTm � T iÞ ð23Þ

the following dimensionless governing equations will be

obtained.
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2.2.1. Preheating stage

ohs
os

¼ �as
o2hs
oZ2

; Z > 0; �1 < s < sm ð24Þ

ohs
oZ

¼ � Ste 
 e�s2

Ksð1� esÞ
; Z ¼ 0; �1 < s < sm ð25Þ

hs ¼ �Sc; Z P 0; s ¼ �1 ð26Þ

hs ! �Sc; Z ! 1; s > �1 ð27Þ
2.2.2. Melting with shrinkage stage

ohl
os

þ W
ohl
oZ

¼ o
2hl
oZ2

; S0 < Z < S; sm < s < ssol ð28Þ

W ¼ dS0
ds

; Z ¼ S0; sm < s < ssol ð29Þ

ohl
oZ

¼ � Ste 
 e�s2

ð1� elÞ
; Z ¼ S0; sm < s < ssol ð30Þ

ohs
os

¼ �as
o
2hs
oZ2

; SðsÞ < Z < 1; sm < s < ssol ð31Þ

hlðZ; sÞ ¼ hsðZ; sÞ ¼ 0; Z ¼ SðsÞ; sm < s < ssol ð32Þ

Ks

ohs
oZ

� 1� el
1� es

ohl
oZ

¼ dS
ds

; Z ¼ SðsÞ; sm < s < ssol

ð33Þ

W ¼ es � el
1� el

dS
ds

; S0 < Z < SðsÞ; sm < s < ssol ð34Þ
2.2.3. Solidification stage

ohl
os

¼ o2hl
oZ2

; S0 < Z < SðsÞ; s > ssol ð35Þ

ohl
oZ

¼ � Ste 
 e�s2

1� el
; Z ¼ S0; s > ssol ð36Þ

ohs
os

¼ �as
o2hs
oZ2

; Sðs ¼ ssolÞ < Z; s > ssol ð37Þ

ohr
os

¼ o2hr
oZ2

; SðsÞ < Z < Sðs ¼ ssolÞ; s > ssol ð38Þ

hlðZ; sÞ ¼ hrðZ; sÞ ¼ 0; Z ¼ SðsÞ; s > ssol ð39Þ

ohr
oZ

� ohl
oZ

¼ dS
ds

; Z ¼ SðsÞ; s > ssol ð40Þ

hrðZ; sÞ ¼ hsðZ; sÞ; Z ¼ Sðs ¼ ssolÞ; s > ssol ð41Þ
ohr
oZ

¼ Ks

1� es
1� el

ohs
oZ

; Z ¼ Sðs ¼ ssolÞ; s > ssol ð42Þ

ohr
os

¼ ohs
os

; Z ¼ Sðs ¼ ssolÞ; s > ssol ð43Þ

The solutions of all three stages will be obtained by

using the integral approximate method and assuming

second degree polynomial temperature profiles.
3. The integral approximate solution

When the surface of the powder bed is exposed to

heat flux the heat will penetrate the surface and begin

to conduct downward. The depth to which the heat flux

has penetrated is called the thermal penetration depth, d,
beyond which the temperature is equal to the initial

powder bed temperature. Therefore, the following two

dimensionless boundary conditions at the dimensionless

thermal penetration depth, D ¼ d=
ffiffiffiffiffiffiffiffi
aptp

p
, are valid:

hsðZÞ ¼ �Sc; Z P DðsÞ; s > �1 ð44Þ

ohs
oZ

¼ 0; Z P DðsÞ; s > �1 ð45Þ
3.1. Solution for the preheating stage

Integrating both sides of Eq. (24) with respect to Z in

the interval of (0,D) and applying the Leibniz�s Rule
yields

1

�as

d

ds

Z D

0

hs dZ � hsðDÞ
dD
ds

� �
¼ ohs

oZ

����
D

0

ð46Þ

Substituting Eqs. (25), (44) and (45) into Eq. (46), the

integral equation becomes

1

�as

d

ds

Z D

0

hs dZ þ Sc
dD
ds

� �
¼ Ste

Ksð1� esÞ
e�s2 ð47Þ

Assuming that the temperature distribution is a sec-

ond degree polynomial function and solving the un-

known constants using the boundary conditions of

Eqs. (25), (44), and (45), the temperature distribution

in the thermal penetration depth becomes

hsðZ; sÞ ¼ �Scþ Ste
2DKsð1� esÞ

e�s2ðD � ZÞ2; s < sm

ð48Þ

Substituting Eq. (48) into Eq. (47) yields

d

ds
½e�s2D2� ¼ 6�ase

�s2 ð49Þ

which is subjected to the following initial condition

D ¼ 0; s ¼ �1 ð50Þ
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Integrating Eq. (49) in the interval (�1,s), one
obtains

e�s2D2 ¼ 6�as

Z s

�1
e�s2 ds ð51Þ

The thermal penetration depth in the powder bed can

be expressed in terms of the error function, i.e.,

D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

ffiffiffi
p

p
�ases

2 ½1þ erfðsÞ�
q

; s < sm ð52Þ

When melting begins at time s = sm the temperature

of the powder bed surface will be equal to the melting

point of the low melting point powder, hs = 0, i.e.,

hsð0; smÞ ¼ 0 ¼ �Scþ Ste 
 e�s2m 
 Dm

2Ksð1� esÞ
ð53Þ

The thermal penetration depth at the end of preheat-

ing can be obtained from Eq. (52)

Dm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

ffiffiffi
p

p
�ases

2
m ½1þ erfðsmÞ�

q
ð54Þ

Eqs. (53) and (54) give two equations for two un-

knowns which can be solved to find

sm ¼ 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

3
ffiffiffi
p

p
�as Ste

2½1þ erfðsmÞ�
4Sc2K2

s ð1� esÞ2

" #vuut ð55Þ

Because laser intensity is at its highest when time

s = 0, the time at which melting begins will be the nega-
tive value of Eq. (55). Due to the error function expres-

sion sm must be solved for in an iterative fashion.

3.2. Solution for the melting stage

3.2.1. Loose powder region

Although preheating ends when the temperature at

the surface of the powder bed meets the melting point

of the low melting point powder, the solution for the

loose powder is still needed in the region from the

solid–liquid interface to the thermal penetration depth.

The following procedure is nearly identical to the pre-

heating solution, the principal change being the limits

of integration.

Integrating both sides of Eq. (31) with respect to Z in

the interval of (S,D) and applying Leibniz�s Rule yields

1

�as

d

ds

Z D

S
hs dZ � hsðDÞ

dD
ds

þ hsðSÞ
dS
ds

� �
¼ ohs

oZ

����
D

S

ð56Þ

Substituting the boundary conditions given by Eqs.

(32), (44) and (45) into Eq. (56) gives

�1
�as

d

ds

Z D

S
hs dZ þ Sc

dD
ds

� �
¼ ohs

oZ

����
S

ð57Þ

Assuming that the temperature distribution is a

second degree polynomial function and solving for the
unknown constants using the boundary conditions given

by Eqs. (32), (44) and (45) the assumed nondimensional

temperature profile is

hsðZ; sÞ ¼ Sc
D � Z
D � S

� 
2

� 1

" #
ð58Þ

Substituting Eq. (58) into Eq. (57) yields

6�as
D � S

¼ dD
ds

þ 2
dS
ds

ð59Þ

which describes the relationship between the location of

the solid–liquid interface and the thermal penetration

depth. It is subject to the initial conditions

D ¼ Dm; s ¼ sm ð60Þ
S ¼ 0; s ¼ sm ð61Þ
3.2.2. Liquid region

Integrating Eq. (28) in the interval (S0,S) and apply-

ing Leibniz�s Rule gives

ohl
oZ

����
S

� ohl
oZ

����
S0

¼ d

ds

Z S

S0

hloZ þ hlðS0Þ
dS0
ds

� hlðSÞ
dS
ds

þ W ½hlðSÞ � hlðS0Þ� ð62Þ

Applying the boundary conditions given from Eqs.

(30) and (32) and recalling Eq. (29), (62) is reduced to

d

ds

Z S

S0

hl dZ � Ste
1� el

e�s2 ¼ ohl
oZ

����
S

ð63Þ

At this point a second degree polynomial tempera-

ture distribution of the form

hlðZ; sÞ ¼ Aþ B
Z � S
S

� 

þ C

Z � S
S

� 
2

ð64Þ

will be assumed in the liquid. The boundary conditions

of Eqs. (30) and (32) will not be enough to solve for

the three undetermined coefficients of Eq. (64) so an-

other boundary condition must be established. The

additional boundary condition is found by differentiat-

ing Eq. (32)

dhl ¼
ohl
oZ

dZ þ ohl
os

ds ¼ 0; Z ¼ SðsÞ; sm > s > ssol

ð65Þ
which can be rearranged to yield

ohl
oZ

dS
ds

þ ohl
os

¼ 0; Z ¼ SðsÞ; s > sm ð66Þ

Substituting Eqs. (28) and (33) into Eq. (66), one obtains

Ks

ohs
oZ

����
S

ohl
oZ

����
S

� 1� el
1� es

ohl
oZ

����
S

� 
2

þ o2hl
oZ2

����
S

� W
ohl
oZ

����
S

¼ 0

ð67Þ
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Eqs. (33) and (34), and the partial derivative of Eq.

(58) can be used to simplify Eq. (67) and give us the final

boundary condition of

� ohl
oZ

����
S

� 
2

� 1� es
1� el

2ScK s

D � S
ohl
oZ

����
S

þ o2hl
oZ2

����
S

¼ 0 ð68Þ

The boundary conditions of Eqs. (30), (32), and (68)

will be used to solve for the coefficients of the assumed

liquid temperature profile in Eq. (64). Upon elimination

of coefficient A and B using Eqs. (30) and (32), the tem-

perature profile in the liquid phase becomes

hlðZ;sÞ¼
�S 
Ste
1� el

e�s2 þ2C1� es
1� el

� �
Z�S
S

� 

þC

Z�S
S

� 
2

ð69Þ

Substituting Eqs. (58) and (69) into Eq. (68), an alge-

braic equation of C is obtained.

�4 ð1� esÞ2

ð1� elÞ2

" #
C2

þ 2þ 4Ste
1� es

ð1� elÞ2
e�s2S þ�4ScKs

ðD � SÞ
ð1� esÞ2

ð1� elÞ2
S

" #
C

þ �Ste2

ð1� elÞ2
e�2s

2

S2 þ Ste 
 e�s2 2ScKs

ðD � SÞ
ð1� esÞ
ð1� elÞ2

S2
" #

¼ 0

ð70Þ

where the relation S0 � S = �S(1 � es)/(1 � el), obtained
by combining Eqs. (29) and (34) was used to simplify the

equations.

Since the assumed temperature distributions for both

phases are known, the next task is to find the location of

the solid–liquid interface, S, and the thermal penetration

depth, D. Substituting Eqs. (57) and (63) into Eq. (33)
gives

�Ks

�as

d

ds

Z D

S
hs dZ þ Sc

dD
ds

� �

� 1� el
1� es

d

ds

Z S

S0

hl dZ � Ste
1� el

e�s2
� �

¼ dS
ds

;

Z ¼ SðsÞ; s > sm ð71Þ

which can be integrated with respect to s over the inter-
val (sm, s) and simplified to yield

S ¼ �Ks

�as

Z D

S
hs dZ �

Z Dm

0

hs dZ þ ScðD � DmÞ
� �

� 1� el
1� es

Z S

S0

hl dZ þ Ste
ffiffiffi
p

p

2ð1� esÞ
½erfðsÞ � erfðsmÞ�

ð72Þ
If the integrals in Eq. (72) are evaluated and then

terms are collected for S, a second order polynomial

equation of S is obtained.

� 1
2
Ste

1� es
ð1� elÞ2

e�s2

" #
S2

þ �1� 2

3

ScKs

�as
þ 2

3
C

1� es
1� el

� 
2
" #

S

þ � 1
3

ScKs

�as
ðD � DmÞ þ

Ste
ffiffiffi
p

p

2ð1� esÞ
½erfðsÞ � erfðsmÞ�

� �
¼ 0

ð73Þ

The roots of Eq. (73) will be the possible values of S,

the location of the solid–liquid interface. To find D,
the location of the thermal penetration depth, integrate

both sides of Eq. (59) with respect to s over the interval
(sm,s) to yield

D ¼ Dm � 2S þ
Z s

sm

6�as
D � S

ds ð74Þ

By solving Eqs. (74) and (73) the locations of the solid–

liquid interface and the thermal penetration depth in the

powder bed will be found. The integral on the right side

of Eq. (74) must be evaluated using numerical

integration.

3.3. Solution for the solidification stage

As the heat flux at the surface of the powder bed de-

creases melting will slow down and eventually stop.

When melting stops the motion of the solid–liquid inter-

face will reverse direction and begin to move back to-

ward the surface of the powder bed as the melt pool

solidifies. Since melting has stopped there is no longer

a density change in the powder bed and shrinkage of

the powder bed has ceased. The location of the liquid

surface during the solidification period is fixed, meaning

that S0 = const. and W = 0. These factors will be taken

into account during the solution of the solidification

period.

3.3.1. Loose powder region

Integrating both sides of Eq. (37) in the interval

(Ssol,D) and applying the boundary condition of Eq.

(45) gives the integral equation in the loose powder

�1
�as

d

ds

Z D

Ssol

hs dZ þ Sc
dD
ds

� �
¼ ohs

oZ

����
Ssol

ð75Þ

where Ssol is the location of the solid–liquid interface at

the time s = ssol.
Assuming a second degree polynomial and applying

the boundary conditions of Eqs. (44) and (45) to
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eliminate two of the three coefficients, the temperature in

the solid, unsintered powder then becomes

hsðZ; sÞ ¼ As þ
�2ðAs þ ScÞ

D � Ssol
ðZ � SsolÞ

þ As þ Sc

ðD � SsolÞ2
ðZ � SsolÞ2; Ssol < Z < DðsÞ

ð76Þ

The thermal penetration depth can be found by inte-

grating Eq. (75) once from ssol to s. Using the tempera-
ture distribution of Eq. (76) to evaluate the integral of hs
from Ssol to D one obtains

DðsÞ ¼ 6�as
As þ Sc

Z s

ssol

As þ Sc
D � Ssol

ds þ AsSsol þ ScDsol

As þ Sc
;

ssol < s < sfinal ð77Þ
3.3.2. Resolidified region

The resolidified region is simply the portion of the

melt pool that has resolidified. By integrating Eq. (38)

once and applying the boundary conditions of Eqs.

(39) and Ssol = const. the integral energy equation for

the resolidified region becomes

d

ds

Z Ssol

S
hr dZ ¼ ohr

oZ

����
Ssol

� ohr
oZ

����
S

; SðsÞ < Z < Ssol ð78Þ

By assuming a second degree polynomial for the tem-

perature distribution in the resolidified part and apply-

ing the boundary conditions of Eqs. (39), (41), and

(42), the temperature profile in the resolidified region

becomes

hrðZÞ ¼
2As

Ssol � S
þ 2KsðAs þ ScÞ

D � Ssol

1� es
1� el

� �
ðZ � SÞ

þ �As
ðSsol � SÞ2

� 2KsðAs þ ScÞ
ðD � SsolÞðSsol � SÞ

1� es
1� el

" #

� ðZ � SÞ2; SðsÞ < Z < Ssol ð79Þ

where As is still unknown at this point.

To determine the coefficient As, the temperature at

Z = Ssol, a combination of Eqs. (37), (38), and (43) are

used and the result is
As ¼
2ScKsð1� esÞðSsol � SÞðD � SsolÞ þ �as ScðSsol � SÞ2ð1� elÞ

�ðD � SsolÞ2ð1� elÞ � 2Ksð1� esÞðSsol � SÞðD � SsolÞ � �asðSsol � SÞ2ð1� elÞ
ð80Þ
3.3.3. Liquid region

The solution for the liquid region of the solidification

stage can be obtained in a manor similar to the solution
for the liquid region of the melting stage. Beginning with

Eq. (35) integrate both sides, use Leibniz�s Rule, and
apply the boundary conditions given by Eqs. (36) and

(39) to get the integral energy equation in the melt pool

o

os

Z S

S0

hl dZ � Ste
1� el

e�s2 ¼ ohl
oZ

����
S

ð81Þ

Assuming that the temperature distribution in the li-

quid has the form of a second degree polynomial and

applying the boundary conditions of Eqs. (36) and (39)

to eliminate two of the three coefficients, the tempera-

ture distribution in the liquid becomes

hlðZ; sÞ ¼ � Ste
1� el

e�s2S � 2Cl

S
ðS0 � SÞ

� �
Z � S
S

� 


þ Cl

Z � S
S

� 
2

ð82Þ

where the coefficient Cl will be found using a procedure

similar to the one used to find Cl in the melting stage.

The result of this process is

�4ðS � S0Þ2

S2

" #
C2
l þ 2þ 4Ste

1� el
e�s2ðS � S0Þ

�

þ 4ðAs þ ScÞKs

1� es
1� el

S0 � S
Ssol � D

� 4As
S0 � S
Ssol � S

�
Cl

þ �Ste2

ð1� elÞ2
e�2s

2

S2 � 2As
1� el

Ste 
 e�s2

Ssol � S
S2

"

þ 2KsðScþ AsÞ
Ssol � D

Ste 
 e�s2S2
1� es

ð1� elÞ2

#
¼ 0 ð83Þ

which is different from Eq. (70) because S0 = const. in

the solidification stage. The two roots of this polynomial

can found, each of which will correspond to a possible

value of Cl.

In order to find how S changes with time the integral

energy equations, Eqs. (78) and (81), must be substituted

into the energy balance equation at the resolidified part-

liquid pool interface, Eq. (40), to give

dS
ds

¼ ohr
oZ

����
Ssol

� o

os

Z Ssol

S
hr dZ � o

os

Z S

S0

hl dZ þ Ste 
 e�s2

1� el

ð84Þ
Recalling the assumed temperature profiles of Eqs.

(79) and (82), Eq. (84) can be integrated from ssol to s
and terms of S collected to find the polynomial
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�Ste 
 e�s2

2ð1� elÞ
þ 1� es
1� el

KsðAs þ ScÞ
3ðSsol � DÞ

" #
S4 þ �1þ 2

3
ðAs þ ClÞ

"

þ Ste 
 e�s2

ð1� elÞ
S0 �

2

3

1� es
1� el

KsðAs þ ScÞ
ðSsol � DÞ Ssol

#
S3

þ �2Ks

1� es
1� el

Z s

ssol

As þ Sc
D � Ssol

ds � 2ClS0 þ Ssol

�

þ 2Cl;sol

3S2sol
ðS0 � SsolÞ3 �

2

3
AsSsol �

Ste 
 e�s2

2ð1� elÞ
S20

þ Ste 
 e�s2
sol

2ð1� elÞ
ðS0 � SsolÞ2 þ

1

3

1� es
1� el

KsðAs þ ScÞ
ðSsol � DÞ S2sol

þ Ste
ffiffiffi
p

p

2ð1� elÞ
½erfðsÞ � erfðssolÞ�

�
S2

þ ½2ClS
2
0�S þ � 2

3
ClS

3
0

� �
¼ 0 ð85Þ

one of the roots of which will be the location of the

liquid-resolidified region interface. C‘, sol is simply the

value of Cl at the time s = ssol or

�4ðSsol�S0Þ2

S2sol

" #
C2
l;sol

þ 2þ4Ste 
 e
�s2

sol

1� el
ðSsol�S0Þþ4ScKs

1� es
1� el

S0�Ssol
Ssol�Dsol

" #
Cl;sol

þ �Ste2 
 e�2s2sol
ð1� elÞ2

S2solþS2solSte 
 e�s2
sol

1� es
ð1� elÞ2

2ScK s

Ssol�Dsol

" #

¼ 0
ð86Þ

Now that all of the necessary components to describe

the location of the solid–liquid interface, the location of

the liquid surface, and the temperature distributions for

each time period have been found a computer simulation

can be developed to give the results of the model.
4. Results and discussion

The solutions of the preheating, melting, and resolid-

ification stages have been derived in terms of nondimen-

sional parameters. A computer program was written to

simulate the results of the model and the nondimen-

sional parameters were varied to investigate the impact

they would have on the sintering process. In all of the

following simulations the material properties of the

low melting point powder are that of aluminum and

the material properties of the high melting point powder

are that of titanium. The most important processing

parameter is Stefan number. It is proportional to

q000
ffiffiffiffi
tp

p
[see Eq. (23)] and it can be affected by a change

in either laser power or laser pulse width. The range of

the Stefan number used in this study is obtained by using

a peak heat flux on the order of 2 · 106 W m�2 and a
laser pulse width of less than 0.50 s. The porosity of

the liquid phase, el, was assumed to be 10%, meaning
that not all of the interstitial gas in the powder bed is

driven out during the melting stage. The porosity of

the unsintered powder, es, was assumed to be 40%.

The value of /, the percentage of low melting point pow-
der in the powder bed, was chosen to be 40%. Resulting

values of the nondimensional parameters can be found

in the captions of the following figures.

Fig. 2 shows the temperature profile within the pow-

der bed at various times during a simulation for the

baseline values of the dimensionless parameters. It

shows an increase in temperature throughout the pow-

der bed as the process continues. The line corresponding

to s = speak is the time at which the surface of the powder
bed reaches its maximum temperature. Note that the

temperature profile lines for s P sm do not extend all

the way to Z = 0 due to shrinkage of the powder bed.

The progression of the thermal penetration depth during

the duration of the process can also be seen in the figure.

Fig. 3 shows the change in temperature at the surface

of the powder bed for different values of the Stefan num-

ber. The surface temperature increases as the heat flux

increases, with the peak surface temperature occurring

after s = 0, the time at which maximum heat flux occurs.

It can also be see in Fig. 3 that as the Stefan number in-

creases the time at which melting begins decreases.

Fig. 4 shows the effect of the Stefan number, or the

magnitude of the heat flux, on the locations of the

solid–liquid interface, the liquid surface, and the thermal

penetration depth. Obviously as the Stefan number in-

creases the melt pool depth increases and the tempera-

ture of the melt pool surface increases, as evidenced by

Fig. 3. A higher Stefan number will also result in more

shrinkage, because more material will be melted, and a

longer process time, because it will take longer for this

increased quantity of melted powder to cool and

resolidify.

Fig. 5 shows the location of the liquid surface and the

solid–liquid interface for the same Stefan number but

different subcooling parameters. For Sc = 4.0 the laser

beam pass makes a relatively shallow melt pool as com-

pared to the hotter powder bed of Sc = 3.0. For the sub-

cooling parameter of Sc = 2.0 the melt pool is very deep

because the laser does not have to do nearly as much

preheating. The higher the subcooling parameter, the

greater the difference between the initial temperature

of the powder bed and the melting point of the low melt-

ing point powder. Thus the higher the subcooling

parameter the more heat flux is needed to melt the pow-

der and the longer it takes for melting to begin, which is

confirmed by Fig. 5.

Obviously a powder bed that is very porous will expe-

rience a greater amount of shrinkage due to melting than

one that is less porous, however, Fig. 6 shows that a very

porous powder bed will also have a deeper melt pool and



Fig. 2. The temperature profile within the powder bed at various times (Ste ¼ 0.6; Sc ¼ 3.0; es ¼ 0.40; el ¼ 0.10;/ ¼ 0.40; �as ¼
0.0081;Ks ¼ 0.0081Þ.

Fig. 3. The surface temperature of the powder bed for various values of the Stefan number (Sc ¼ 3.0; es ¼ 0.40; el ¼ 0.10;/ ¼ 0.40;
�as ¼ 0.0081;Ks ¼ 0.0081Þ.

C. Konrad et al. / International Journal of Heat and Mass Transfer 48 (2005) 3932–3944 3941
a longer process time. This is because as the porosity of

the metal powder increases the effective thermal conduc-

tivity of the powder bed decreases. A very porous pow-

der bed will reach the end of the preheating period faster

than a less porous one, and a greater volume of powder

bed will be sintered, because the lower thermal conduc-

tivity will keep more of the heat flux at the surface of the
powder bed, essentially not letting the heat flux pene-

trate the powder bed as quickly as a densely packed

powder bed. This porosity will increase the process time

significantly because in the model heat in the melt pool

can only be lost via conduction of the heat deeper into

the loose powder bed, not by radiation or convection

at the surface.



Fig. 4. The location of the liquid surface, the solid–liquid interface, and the thermal penetration depth for various of the Stefan

number (Sc ¼ 3.0; es ¼ 0.40; el ¼ 0.10;/ ¼ 0.40; �as ¼ 0.0081;Ks ¼ 0.0081Þ.

Fig. 5. The effect of the subcooling parameter on the location of the liquid surface and the solid–liquid interface (Ste ¼ 0.5; es ¼ 0.40;

el ¼ 0.10;/ ¼ 0.40; �as ¼ 0.0081;Ks ¼ 0.0081Þ.
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Fig. 7 shows the effect of a change in the fraction of

low melting point powder in the powder bed. The fig-

ure shows that as the fraction of low melting point

powder in the powder bed increases the process time in-

creases and the amount of melted material increases.

This makes sense because if there is more low melting
point powder in the powder bed then more material

will be melted by the applied heat flux. More melted

material means that more latent heat must be dissi-

pated into the unsintered powder after the temporal

Gaussian heat flux has decreased, hence an increase

in process time.



Fig. 6. The effect of the porosity of the unsintered powder on the location of the liquid surface and the solid liquid interface (Ste = 0.5,

Sc = 3.0, el = 0.10, / = 0.40).

Fig. 7. The effect of the fraction of low melting point powder on the location of the liquid surface and the solid–liquid interface

(es = 0.40, el = 0.10).
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5. Conclusion

Melting and solidification in a subcooled powder bed

with temporal Gaussian heat flux was investigated ana-

lytically. It is clear that all process parameters have

effects on the results of the SLS process but through

nondimensionalization the number of independent
parameters can be significantly reduced. As the Stefan

number is increased the melt pool depth is also increased

as well as the temperature of the melt pool surface and

the overall process time. As subcooling of the powder

bed increases more heat flux is needed to melt the pow-

der, and thus the melt pool is shallower. It was found

that a very porous powder bed will reach the end of
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the preheating period faster than a less porous one, a

greater amount of material will be sintered, and the total

process time will also increase. An increase in the frac-

tion of low melting point powder will mainly increase

the process time. The physical model and results of this

investigation pave the way for further modeling of SLS

processes with a pulsed laser.
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